The spectrum of a high-repetition train of laser pulses consists of many equally spaced lines, forming an optical frequency comb which is useful for high-precision spectroscopy. By exposing atoms to a train of strong pulses, frequency combs reaching into the extreme ultraviolet may be produced via high-order harmonic generation. Here, we report a theoretical study of extreme-ultraviolet frequency-comb generation by trains of few-cycle pulses. We analyze the nontrivial comb structure arising from overlapping harmonic orders. The spacings of the comb lines and their dependence on the offset frequency of the incident pulse train are discussed.
I. INTRODUCTION
A frequency comb is an ingenious tool providing a modern and elegant method of laser-based high-precision spectroscopy. The essential idea of a frequency comb is that a train of mode-locked laser pulses implies a spectrum consisting of narrow equidistant peaks in the frequency domain, distributed around the central laser frequency [1, 2] . Such a spectral ruler with narrow lines is useful for precise measurement of transition frequencies in atoms and molecules [3] [4] [5] [6] [7] , for atomic clocks [8, 9] or for calibration [10] . Pulses within the train are nearly identical, except that the carrier-envelope phase (CEP) changes from pulse to pulse due to intracavity dispersion. The pulse-to-pulse shift can be stabilized by suitable techniques [11] [12] [13] . The time delay between two pulses defines the repetition frequency and thus the spacing between the peaks in the frequency domain. Normally, the repetition frequency is of the order of 10-10 3 MHz. Laser pulses as short as a few femtoseconds have been used to obtain frequency combs with broad bandwidth [14] .
Substantial effort is currently being put into producing and applying frequency combs at shorter wavelengths. In the UV range, for example, a comb was created from a frequency tripled Ti:sapphire laser field and used for Doppler cooling of trapped ions [15] . Recently, pulse pairs at 213 nm, generated by up-converting pairs of Ti:sapphire pulses, have been used for high-precision spectroscopy of the energy levels in krypton atoms [16] . In the extreme ultraviolet (XUV) spectral range, it is difficult to achieve narrow peaks and adequate power at the same time. Short pulses of XUV light are typically produced by high-order harmonic generation (HHG) [17] . This process requires the interaction of intense driving pulses with atoms or molecules. In HHG, the oscillating laser field ionizes the target and thereafter drives the electron away and back to the parent ion, whereupon the returning electron recombines with the core. The durations of these trajectories determine the electron return energies and thus the emitted photon energies, * maria.tudorovskaya@ed.ac.uk which reach to approximately 3.2 U p + I p , where U p is the ponderomotive energy and I p is the ionization potential [18] . For a multicycle pulse, the periodic nature of the electric field, together with the inversion symmetry of atoms, leads to harmonic peaks at odd orders of the incident laser frequency. Using a train of intense pulses leads to additional periodicity and, consequently, a comb structure within the HHG spectrum. Experimentally, however, it has been a challenge to obtain XUV frequency combs and characterize the emitted radiation [19] [20] [21] . Cingöz et al. [22] achieved sufficient XUV comb intensities to determine the absolute frequency of an argon transition at 82 nm by direct frequency-comb spectroscopy.
Only very few theoretical studies have been dedicated to XUV frequency combs. Numerical simulations of XUV comb creation from hydrogen atoms were carried out by Carrera et al. [23] . They presented the first numerical confirmation that the comb structure is transferred from the incident laser field to the high-order harmonics involving a multiplication of the offset frequency by the harmonic order as anticipated by Gohle et al. [19] based on energy conservation. Subsequently, Carrera and Chu [24] employed time-dependent densityfunctional theory to calculate emission spectra from helium atoms. They showed that, for very intense pulses, substantial ionization can destroy the frequency-comb coherence. Zhao et al. [25] used the many-mode Floquet theory involving a nonHermitian generalized Floquet matrix eigenvalue problem. They showed that by variation of the pulse-to-pulse CEP shift the strength of ionization and high-order harmonic generation can be controlled.
Previous studies of XUV frequency combs were focused on HHG from trains of multicycle pulses, which imply wellseparated harmonic orders. In this article, we discuss the results of numerical simulations with few-cycle pulse trains. We focus on the intriguing case where harmonic orders overlap due to the shortness of the driving pulses, leading to a dense XUV comb. We show that even for very short driving pulses, the line spacing remains well defined. Although there have been numerous previous studies of HHG with few-cycle pulses [26] in the past, they have not addressed the case of pulse trains with nonzero offset frequency. When pulse trains were considered, as in the theory by Frolov et al. [27] , the train was assumed to be periodic and the aim was to take the limit of an isolated short pulse by letting the repetition rate go to zero. To the best of our knowledge, there is no published theory on HHG from few-cycle pulse trains with pulse-to-pulse phase shift. Atomic units are used throughout this article.
II. THEORY AND NUMERICAL METHODS
As we are mainly interested in the qualitative description of XUV combs and in the positions of the comb lines, we use a one-dimensional model atom for the numerical simulations. We solve the time-dependent Schrödinger equation (TDSE) for an electron in a soft-core potential V 0 with the additional presence of an external laser field. Using the dipole approximation and the length gauge, the TDSE determining the wave function (x,t) reads
where E(t) is the external electric field. We use ξ = 1.175, giving the ground-state energy −0.58 a. 
where ω 0 is the optical field frequency, φ m determines the CEP, and f (t) is a trapezoidal or sin 2 -shaped envelope. In all the calculations below, the field intensity (cycle-averaged peak intensity) is 2 × 10 14 W/cm 2 , corresponding to a peak field strength of E 0 = 0.0755 a.u., and the driving field frequency is ω 0 = 0.06 a.u., corresponding to a 759-nm wavelength. The phase changes from pulse to pulse by a constant offset phase, δφ, i.e.,
The offset phase is associated with the offset frequency ω off as
where τ r is the repetition period and ω r is the repetition frequency. For our proof-of-principle calculations, we choose a repetition rate higher than that in a real experiment. This simplifies the graphical presentation of the results. Let t m = mτ r be the time when the mth pulse begins. We assume without loss of generality that φ 0 = 0. The spectrum has a comb structure with local maxima at frequencies ω k :
We use the split-operator method [28] to solve the TDSE numerically on a grid with spatial step size 0.12 a.u. The propagation starts from the ground-state wave function obtained by imaginary-time propagation [29] . The spectrum of the emitted HHG photons can be found from the Fourier transform of the dipole acceleration a(t) =d(t) = − (t)|x| (t) . In order to obtain this quantity, we compute the dipole acceleration independently for each pulse. Let a m (t) denote the acceleration for a single pulse with phase φ m calculated in the interval from 0 to τ r . For a pulse consisting of N optical cycles from beginning to end, we evaluate the wave function over a propagation length of N + 2 cycles of length T 0 = 2π/ω 0 to obtain the numerical acceleration a TDSE m (t) in this range. The additional two cycles ensure that recollisions taking place just after the end of the pulse are not neglected. We then assume that the dipole acceleration is negligible afterwards until the beginning of the next pulse, i.e.,
The total dipole acceleration is calculated as the sum over all pulses of the train:
By taking the modulus squared of the Fourier transform of a(t), we find the XUV comb spectrum. Naturally, increasing the number M of pulses in the train increases the HHG signal. More precisely, if every pulse produces equal signal strength, the total signal is expected to be proportional to M 2 at frequencies where the signal adds up fully constructively. Therefore, the resulting spectra shown in Sec. III have been renormalized by multiplication with an additional factor 1/M 2 so that the presented peak maxima are found to be nearly independent of M.
In the remainder of this section, we discuss the properties of XUV combs from HHG, in particular the selection rules and the expected line spacing. For a sufficiently long multicycle driving pulse, the spectrum consists of odd harmonic orders. This means that for any integer ν there is a peak centered at (2ν + 1)ω 0 , which itself is a comb of narrow lines, also referred to as "teeth" in what follows. This corresponds to the absorption of 2ν + 1 photons from the incident pulse train so that the tooth positions of the XUV comb are given by the following expression [19, 23] :
Thus, the HHG frequency comb can be considered as a combination of two combs with the spacings defined by the laser frequency and the repetition rate of the train. Only when the pulse-to-pulse phase shift is absent, i.e., ω off = 0, the tooth positions from different harmonic orders are all multiples of the same frequency ω r . Let us consider the situation that each pulse consists of only a few optical cycles. In HHG from a sufficiently short pulse, different harmonic orders overlap and tend to form a continuum. At the same time, the odd-order selection rule for harmonic orders breaks down since the generation process does not repeat periodically. This is the regime of isolated attosecond-pulse generation [30] . Thus, for HHG from a train of such short pulses, we expect that the comb structures of different orders overlap, i.e., teeth originating from the different harmonic orders, are present in the same spectral range. Here, the term "harmonic order" stands for the number of photons absorbed from the driving field. This needs to be distinguished from the labels of the horizontal axes of the HHG 043418-2 spectra below, where "harmonic order" merely quantifies the frequency of the XUV radiation, following common usage.
A few interesting properties of the XUV comb can be derived in the case that the repetition frequency is a rational multiple of the offset frequency. This means that the pulse train is periodic in the sense that every pulse is repeated with the exact same wave form after a sufficiently long time interval τ p , defining the frequency ω p = 2π/τ p . If there is an additional symmetry such that the pulse is repeated with inverted sign of the electric field at τ p /2, one finds the selection rule that the harmonic frequencies must be an odd multiple of ω p , in analogy to the usual odd-harmonic-order selection rule for HHG from one long pulse. In such a case, it is easy to show that the harmonic frequencies can again be written in the form of Eq. (8) . To be explicit, we express δφ ∈ (0,π ] as a fraction of π ,
with two numbers, N 1 ,N 2 ∈ N, that do not share a common divisor except the number 1. For odd N 1 , the pulse sequence satisfies the ω p -odd-multiple rule with ω p = ω r /(2N 2 ). Since the harmonic offset frequencies are required to be also integer multiples of the fundamental offset frequency
, it follows that Eq. (8) must hold with odd orders 2ν + 1. Then, according to Eq. (8), the distance between the teeth from two neighboring odd harmonics with harmonic orders 2k + 1 and 2k + 3 is
with Z ∈ Z. Therefore the smallest gap between such peaks is
If two arbitrary, not necessarily neighboring, odd harmonics overlap, the conclusion can be generalized. In general, the smallest obtained spacing is found as the smallest nonzero value of
with Z,Z ∈ Z. The absolute minimum is reached when Z and Z are chosen such that Z N 1 + ZN 2 = 1, which is certainly possible since N 1 and N 2 have no common divisor except 1. We conclude that the distance between the closest peaks will be
Interestingly, the same conclusion is reached for any δφ given by Eq. (9), even if the odd-order selection rule does not hold. Allowing even orders in addition to the odd orders in Eq. (8) introduces a factor of 1/2 into the first term of Eq. (12) . At the same time, the absence of the odd-order selection rule implies that N 1 is an even number. Thus, effectively, we obtain the same smallest spacing ω r /N 2 as before. In the case δφ ∈ (π,2π ), we write δφ = π + (N 1 /N 2 )π and see that the odd-order selection rule holds when N 1 + N 2 is odd. Analogously to the derivation above, we arrive again at Eqs. (12) and (13). 
III. RESULTS

A. HHG with a train of long pulses
According to Eq. Comparing different train lengths, one sees that a longer pulse train leads to a better comb with narrow-bandwidth teeth. The shown peak heights are independent of M. Taking into account the renormalization explained in the previous section, this means that the actual signal at the maxima scales as M 2 . At the same time, the peaks become narrower with increasing M.
When the number of optical cycles per pulse is increased, harmonic orders become more distinguishable, visible in Fig. 1 (green curve) as a suppression of the comb lines at the low and high end of the shown frequency range.
B. HHG with a train of ultrashort pulses
For HHG from few-cycle pulses, different harmonic orders can overlap in the emission spectrum. This means that XUV combs with different offset frequencies interfere with each other. Nevertheless, if the repetition frequency is a rational multiple of the fundamental offset frequency, the combs are commensurable so that overall a well-defined XUV comb is expected. We demonstrate this behavior by comparing HHG from multicycle pulse trains and few-cycle pulses. Figure 2 043418-3 shows the emission spectrum near the 5th harmonic order for various δφ. Long pulses produce a comb where the teeth are separated by ω r [orange (gray) curves] and where a five-photon absorption process dominates in the plotted range. The number of photons can be read from the offset of the peaks relative to pure integer multiples of ω r . In Figs. 2(a) and 2(c) , the fundamental offset frequency ω off is one-half of the spacing between the minor grid lines, while in Figs. 2(b) ω off equals the 1.5-fold grid-line spacing and in Fig. 2(d) ω off is just equal to the grid-line spacing.
The train of few-cycle pulses results in a denser comb (black curves) where the teeth from different harmonic orders (different numbers of absorbed photons) are present. It is not always possible to tell which harmonic order dominates in the region shown.
In all cases shown, the comb spacing in the numerical results is correctly predicted by Eqs. (12) and (13) . In Fig. 2(d) , for example, the phase shift is δφ = 2π/7 and the closest peaks are separated by ω r /7 as follows from Eq. (12) by choosing Z = −3 and Z = 1. These results also demonstrate the presence of the oddorder selection rule [ Figs. 2(a)-2(c) ] or its absence [ Fig. 2(d) ] depending on the offset frequency.
C. Irrational ratio of offset and repetition frequencies
For long driving pulses, every harmonic order by itself represents a well-defined XUV frequency comb, irrespective of the value of the offset frequency. For very short pulses, the situation is different. In principle, an irrational ratio of offset and repetition frequencies, i.e., ω off = αω r , α ∈ R\Q, leads to an irregular HHG comb. The harmonic frequencies from different numbers of absorbed photons never coincide exactly, although they may contribute to emission in the same region of the spectrum in the case of few-cycle pulses. In this section, we investigate whether a frequency comb structure remains observable and how the transition from long to short pulses proceeds.
In the first example, we consider the phase shift δφ = √ 2/2, giving rise to the offset frequency
In Fig. 3 , we vary the train length for fixed pulse duration to show the development of sharp lines as the number of pulses is increased. The HHG spectra around the 15th harmonic from a pulse train consisting of M ∈ [5,300] pulses is shown. The major vertical grid lines (dashed) are at frequencies nω r = 0.1nω 0 ; the minor vertical grid lines (dotted) divide the axis into segments equal to 2ω off ≈ 0.022 508 ω 0 . The positions of these two grid types' lines never coincide. From the top to the bottom, the train becomes longer. While the peaks are rather broad for a short pulse train (M = 5), the teeth become sharper and distinct as M increases. The height of the peak maxima is roughly independent of M, indicating that the actual signal at the peak maxima scales as M 2 . However, since the pulse train is not strictly periodic, this scaling is not exact. The dominant teeth, belonging to 15-photon absorption, are separated by ω r . Next to them, at the distance 2ω off , minor teeth attributed to odd harmonics of other orders are visible. They are more than ten times weaker than the main teeth right around ω = 15 ω 0 , but become of the same order of magnitude as the 15-photon peaks farther on the axis. Figure 4 shows HHG spectra near the 11th harmonic for another set of calculations. Here, the train duration is kept constant, while the number of optical cycles per pulse, N , increases from the top to the bottom. Due to the significant duration of the train, all the teeth are well distinguishable. In the same manner as above, two types of grid lines are used. The spacing of the dashed grid lines is ω r = 0.05ω 0 and the spacing of the dotted grid lines is 2ω off ≈ 0.011 254ω 0 . As the pulse becomes longer (from the top to the bottom), the spectrum clears up and it is dominated by the teeth belonging to 11-photon absorption. Secondary teeth are due to the next odd harmonic. The main teeth are separated by ω r ; the minor teeth related to 13-photon absorption are separated by 2ω off from the 11-photon peaks.
For very short pulses, there is no obvious distinction into major and minor peaks. Due to the irrational ratio of offset and repetition frequencies, the detailed structure of the spectrum is complicated. Nevertheless, in many cases the spacing between the teeth is about ω off . This can be understood since the number of absorbed photons is limited by the underlying generation process. For example, the maximum number can be estimated using the classical HHG cutoff at 3.2 U p + I p . Therefore, only a limited range of photon numbers contributes, meaning that the spectrum does not become densely filled with comb lines. Thus, we conclude that it is usually possible to observe an XUV frequency comb.
Different harmonic orders appear as combs with different offset frequencies. The noncommensurability of these combs can be helpful to identify the width of the spectral range associated with each comb, i.e., with a certain photon number. This is illustrated in Fig. 5 where the parameters are chosen as τ r = 10T 0 and δφ = 1. For each comb line, we determine the offset frequency and infer the number of absorbed photons 2ν + 1 according to Eq. (8) . The different harmonic orders overlap but they become "transparent" due to their comb structure. By visual inspection of the spectrum one can therefore immediately recognize the spectral extension of each number of absorbed photons as indicated in the figure.
IV. CONCLUSION
We have studied theoretically the possibility to generate XUV frequency combs by means of high-order harmonic generation from pulse trains. We have investigated how the structure of the XUV comb depends on the driving laser pulse duration and the train length.
Our study reveals that HHG from few-cycle pulse trains produces overlapping XUV frequency combs corresponding to different numbers of absorbed photons, thus increasing the overall density of the comb. For irrational ratios between offset and repetition frequencies, the harmonics of different orders will never coincide exactly. On the other hand, the orderdependent offset frequency makes the spectrum "transparent" so that the various different photon numbers can be easily identified in the spectrum.
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